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Abstract
Mixing in microchannels is an important process since certain microfluidic applications require the rapid mixing of species.
This paper investigates the mixing in microchannels via the simulation of two-dimensional electrokinetically driven flow where the
microchannel is populated with patterned blocks. The effects of the number, the size and the displacement of blocks are analysed to
determine the efficiency of the mixing. The fluid flow is simulated via the single relaxation time lattice Boltzmann method (LBM)
with a forcing term from the electric field. The concentration of species within the channel is governed by an advection–diffusion
equation with Peclet number of the order 1000.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Liquid flow in microchannels is a key aspect of microfluidics which is essentially manipulation and mixing of fluids
occurring controllably, quickly and in very small regions of space. The high surface-to-volume ratio of microchannels
leads to a high rate of heat and mass transfer making them candidates for efficient heat transfer devices [1]; however, as
the dimension of a channel shrinks to the micro scale, electrokinetic effects such as electroosmotic and electrophoretic
effects become more dominant. Such physical phenomena are now being applied to biochemical engineering.
Electroosmotic flow (EOF) is generated by the influence of an external electric field on the ions in the mobile
part of the electrical double layer (EDL), which forms at the interface between liquids and solid walls. The moving
ions drag the remainder of the fluid in the centre of the channel by viscous effects. Therefore EOF can be useful in
microsystems [2] primarily because it offers the advantages of driving liquids in miniaturized systems and favours the
use of electrophoresis which is the key means of separation of biological and chemical components. Furthermore the
nearly uniform EOF plug flow prevents the dispersion of species present in parabolic pressure-driven flows. Mixing
is usually crucial to the effective functioning of microfluidic devices [3]. However the flows in microchannels are
laminar so that mixing occurs mainly by diffusion characterized by long mixing times and lengths [4]. Therefore, an
important research topic is how to achieve the rapid mixing within the space of constraints. Common applications
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Fig. 1. Schematic of the microchannel geometry with the dimension of the blocks and the numbering scheme used in the lattice Boltzmann method.
of mixing in microchannels occur in biochemical sensing, where the rapid, homogeneous mixing of macromolecular
solutions, such as DNA or globular proteins is required.
Many studies have been performed to enhance the mixing in microchannels which can be generally classified as
either passive or active. From the manufacturing point of view, there is a compromise between these two types of
mixing, i.e. the complexity of structures within microchannels for static mixers and the reliability of systems for
active stirring operations [5]. The model in this paper is based on the simplest structure in the scope of passive mixing
where patterned blocks are located along the surface of the channel. Several researchers have proved the effective
enhancement of mixing with this design both by experiment [6] and numerical simulation [4]. The focus of this study
is on the effects of block number, height and displacements and finally their sensitivity on the mixing efficiency.
The modelling of such small-scale and low Reynolds number fluid flow requires a “mesoscopic” approach. The
lattice Boltzmann method (LBM), a rapidly developing method based on the mesoscale, has become a potential
candidate for this task due to its kinetic origin, which is derived from the Boltzmann equation and describes the kinetic
behaviour of a “pseudoparticle” through propagation and collision on a structured lattice. In terms of electrokinetic
flows, He and Li [7] used the LBM with the Bhatnagar–Gross–Krook collision operator, referred to as LBGK, on a
D2Q9 (two-dimensional, three-speed and nine-velocity) lattice model to mimic the transport of ions within a solvent,
which is considered to be locally of neutral charge. This model incorporates the transport effects of solvent convection,
ionic diffusion via concentration gradients and migration of ions in the electric field. The ion migration effect was first
studied here by adding a forcing term to the collision side of the lattice Boltzmann equation (LBE), which is similar
to the intermolecular force that is used in modelling multiphase flow by the finite-density LBE [8]. Melchionna and
Succi [9] explored the conductance of ionic species through a cylindrical nanochannel by means of a multicomponent
LBM model. This study focused on the transport of charged species, typically ionic salts, through a solvent (water)
across a cell membrane that was exposed to either an ionic density gradient or an applied potential. In both of these
case [7,9] the external source terms in the LBE and the local equilibria are modified to yield the desired macroscopic
equations. Electroosmotic flow in microfluidic systems has recently been modelled [10,11] using a hybrid FD scheme
and a complete LBE algorithm respectively. An advantage of the application of LBM to this class of problem comes
from the simple implementation of boundary conditions that can cope with complex geometries.
In this paper the LBM is adopted to acquire the steady fluid flow field within a microchannel, the finite difference
method is applied to solve the electric potential field given by the Poisson–Boltzmann equation and finally the two-
species concentration distribution in the microchannel is simulated by an advection–diffusion equation, which is
solved via the finite volume method.
2. Numerical modelling
The numerical modelling is based on the 2D straight open channel whose length and width are denoted by L and
W respectively and which is interspersed with rectangular blocks of height h, equally spaced by a displacement d
— see Fig. 1. External DC electrodes are located at the inlet and outlet of the channel and at the inlet a nonreacting
species is supplied to the microchannel via the upper half of the inlet with a concentration of Cin.
2.1. Governing equations
• Electric potential field
The electric field E is related to the electric potential 8 by
E = −∇8, (1)
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while the electric potential is governed by
∇28 = − ρe
εrε0
, (2)
where ρe is the charge density, εr is the dielectric constant of the medium, and ε0 is the permittivity of vacuum.
The potential at the shear plane is known as the zeta potential ζ . As the thickness of the compact layer is very small
(only of the order of the radius of a hydrated ion), the present approach neglects this thickness and assumes that the
zeta potential is equal to the wall potential. In addition, as the charge is not large at the wall, the ion distribution is
influenced mainly by the ζ potential and very little by the external electric field. Consequently, the potential 8 can
be decomposed into a potential due to the external electric field, φ, and a potential due to the EDL [12], ψ ,
8 = φ + ψ. (3)
Therefore, Eq. (2) can be decoupled and expressed as two separate equations,
∇2φ = 0, (4)
and
∇2ψ = − ρe
εrε0
. (5)
The charge density, ρe, is related to the charge density of ions by the Boltzmann distribution equation
ni = n0 exp
(
− zieψ
kBT
)
, (6)
where ni is the i th concentration of the ions, n0 is the bulk concentration of the ions, kB is the Boltzmann constant,
T is the absolute temperature, e is the elementary charge of the electron, zi is the valence of the i th ion, the net
charge density in a symmetrical electrolyte consisting of two kinds of ions of equal and opposite charge (e.g. KCl,
NaCl, etc.), n+0 = n−0 = n0, z+ = z− = z, is given by
n− = n0 exp
(
zeψ
kBT
)
and n+ = n0 exp
(
− zeψ
kBT
)
, (7)
which yields a charge density equation in terms of the EDL potential
ρe = (n+ − n−)ze = −2n0zesinh
(
zeψ
kBT
)
. (8)
Substituting Eq. (8) into Eq. (5) leads to the nonlinear Poisson–Boltzmann equation
∇2ψ = 2n0ze
εrε0
sinh
(
zeψ
kBT
)
. (9)
In general, Eqs. (4) and (9) are used to solve for the external potential field and EDL potential.
• EOF velocity field
The governing equations of the steady state EOF flow are the incompressible Navier–Stokes (N–S) equations,
∇ · v = 0, (10)
ρ f (v · ∇)v = −∇ p + µ∇2v+ ρeE. (11)
Substitution of Eqs. (1), (3) and (8) into Eq. (11) leads to the more specific form as
ρ f (v · ∇)v = −∇ p + µ∇2v+ 2n0zesinh
(
zeψ
kBT
)
∇φ. (12)
However, we choose the single relaxation time LBGK method [13] rather than solve the above N–S equation
via a traditional computational fluid dynamics (CFD) method
fi (x+ eiδt , t + δt )− fi (x, t) = −1
τ
[ fi (x, t)− f (eq)i (x, t)] + δt Fi , (13)
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where fi is the single particle distribution function, τ is the collision relaxation time, δt is the time step between
collisions and the equilibrium distribution function f (eq)i is given by
f (eq)i = wiρ f
[
1+ ei · v
c2s
+ 1
2
(
ei · v
c2s
)2
− v · v
2c2s
]
(14)
with the weights w0 = 49 ; wi = 19 , i = 1, 2, 3, 4; wi = 136 , i = 5, 6, 7, 8, and microscopic velocities
ei = (cos[pi(i − 1)/2], sin[pi(i − 1)/2]), i = 1, 2, 3, 4 and ei =
√
2(cos[pi(i − 4− 12 )/2], sin[pi(i − 4− 12 )/2]),
i = 5, 6, 7, 8.
The forcing term on the right-hand side of Eq. (13) is due to the Lorentz force and is defined as
Fi =
(
1− 1
2τ
)
ωi
[
ei − v
c2s
+ (ei · v)
c4s
ei
]
· F, (15)
where F = ρeE and ρe is the electric charge density.
The macroscopic density, ρ f , and velocity, v, are obtained via the moments of fi ,
ρ f =
∑
i
fi and ρ f v =
∑
i
ei fi + δt2 F. (16)
The time-dependant N–S equation (17) can be recovered from the lattice Boltzmann equation (LBE) (13) by
applying the so-called multiscale method using the Chapman–Enskog procedure found in, for example, the book
by Succi [14];
ρ f
[
∂v
∂t
+ (v · ∇)v
]
= −∇ p + µ∇2v+ F. (17)
where µ is the dynamic viscosity and is obtained from
ν = µ
ρ f
= kBT
m
(
1
ω
− 1
2
)
c2
3
δt = c
2
3
(
τ − δt
2
)
, (18)
ω = δt
τ
, (19)
c2s =
p
ρ f
= kBT
m
= c
2
3
= 1
3
(
δx
δt
)2
, (20)
δx is the lattice spacing and cs is the speed of sound in the fluid.
• Species concentration distribution
The two species concentration distribution in the channel is acquired by the simulation of the steady state
advection–diffusion equation
(v · ∇)C = Di∇2C, (21)
where C is the concentration of the electrolyte and Di is its diffusion coefficient. The macroscopic velocity field,
v, is obtained from the LBM after the steady state is reached.
Since steady flow is considered here, the process of the simulation is uncoupled, but sequential: (1) solve for the
electric field; (2) obtain the velocity field under the influence of the electric field calculated in (1); (3) solve the species
concentration using the velocity field obtained in (2).
2.2. Nondimensionalization and boundary conditions
The following reference parameters are introduced for the nondimensionalization of the equations:
φˆ = φ
φin
, ψˆ = ψ
ψref
= ψkBT
ze
, vˆ = v
VEOF
= v
εζ Ex
µ
, ∇ˆ = W∇,
pˆ = p
ρ f V 2EOF
, Cˆ = C
Cin
,
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Fig. 2. Electric potential field lines for an externally applied electric field in the mixing channel with four rectangular blocks.
where φin is the external electric potential at the inlet, Ex is the external electric field strength, µ is the dynamic
viscosity, ρ f is the electrolyte density, Cin is the inlet concentration and VEOF is the electroosmotic velocity. Eqs. (4),
(9), (10), (12) and (21) can be recast in their dimensionless form as
∇ˆ2φˆ = 0, (22)
∇ˆ2ψˆ = K 2sinh(ψˆ). (23)
∇ˆ · vˆ = 0, (24)
(vˆ · ∇ˆ)vˆ = −∇ˆ pˆ + 1
Re
∇ˆ2vˆ+ 2n0zeφin
ρ f V 2EOF
sinh(ψˆ)φˆ (25)
(vˆ · ∇ˆ)Cˆ = 1
Pe
∇ˆ2Cˆ, (26)
where K = κ × W , κ−1 =
(
2n0z2e2
εr ε0kBT
)−1/2
is defined as the characteristic thickness of the EDL, known as the Debye
length λd = κ−1 ∼ δx , Reynolds number Re = ρ f VEOFWµ and Peclet number Pe = VEOFWDi .
The following boundary conditions are applied to Eqs. (22), (23) and (26) at;
Inlet:
φˆin = 1, ∂ψˆ
∂ xˆ
= 0, Cˆ =
{
0 for 0 ≤ yˆ ≤ 0.5
1 for 0.5 ≤ yˆ ≤ 1.
Outlet:
φˆ = φout
φin
,
∂ψˆ
∂ xˆ
= 0, ∂Cˆ
∂ xˆ
= 0.
Channel and block walls parallel to x-axis:
∂φˆ
∂ yˆ
= 0, ψˆ = ζ
ψref
,
∂Cˆ
∂ yˆ
= 0.
Channel and block walls parallel to y-axis:
∂φˆ
∂ xˆ
= 0, ψˆ = ζ
ψref
,
∂Cˆ
∂ xˆ
= 0.
For the LBE with a forcing term, Eq. (13), a nonequilibrium extrapolation method [15] is applied at the wall boundary
and constant pressure boundary conditions [16] are used at both open boundaries at the ends of the microchannel.
2.3. Numerical scheme
The Gauss–Seidel (G–S) iteration method is used to solve the central-space finite difference (CSFD) discretization
of Eq. (22). Fig. 2 shows the electric potential contour lines of the external electric field.
A Taylor series expansion is used to linearize the nonlinear source term on the right-hand side of Eq. (23). Then a
G–S successive over relaxation (SOR) scheme is employed to solve the CSFD approximation of Eq. (23).
The EDL potential decreases rapidly over the Debye length from the ζ potential and therefore requires careful
treatment within the discretization scheme since the fluid velocity gradient within the EDL is large. For the simulations
presented in this paper the lattice spatial discretization, δx , was based on the Deybe length, λD , which was found to
be sufficient to capture the main electrolyte flow within the microchannel since it agrees well with the corresponding
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(a) Distribution of species concentration in the microchannel with one block.
(b) Comparison of species concentration at the inlet and outlet.
Fig. 3. Simulation results in the microchannel with one block.
analytical solution. An alternative approach, which is occasionally used in CFD simulations, is to specify the velocity
at the microchannel wall by the Helmholtz–Smoulochowski condition; however, this would create problems for the
boundary condition used in the LBM for the hydrodynamics and is therefore not used in this work.
Since the modelling of the advection and diffusion of the species concentration requires a high Pe number in
this modelling, it is not effective refining the lattice to satisfy the condition of small grid Pe number with CSFD.
Therefore, a finite volume power law approximation of Eq. (26) is solved by an iterative line-by-line method, which
is a convenient combination of the tridiagonal-matrix algorithm (TDMA) and the Gauss–Seidel method [17]. For
validation of the advection–diffusion scheme, a constant velocity field (u = c, v = 0) with a zero diffusion coefficient
is analysed. The numerical results match very well with the one dimensional analytical solution, which demonstrates
that the numerical diffusion of this scheme is within the tolerance.
3. Results and discussion
In this section, the simulation results and sensitivity analyses are presented. The effect of block number, height and
displacement on the mixing efficiency are investigated.
The present simulations are based on the assumption that the microchannel, made of silica glass, possesses
a homogeneous zeta potential, ζ and the working fluid is a symmetric electrolyte, namely KCl. All the relevant
simulation parameters are listed at the end of this paper.
Since flows in microchannels are characteristic of low Reynolds numbers and high Peclet numbers, the species
mixing is dominated by diffusion and poor mixing will occur unless a mixing enhancement method is applied. This
study aims to theoretically quantify the mixing efficiency within the microchannel of a fixed length by introducing
rectangular blocks along the channel walls. Compared with the smooth channel (without any blocks), this passive
configuration is seen to enhance the mixing by stretching the mixing interface which can be seen from Fig. 3. The
block configuration used in this figure has the nondimensional height, hˆ = hW = 0.5, width = 1 and displacement,
dˆ = dW = 2, which is the basic configuration used throughout this work unless hˆ and dˆ are otherwise mentioned.
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Fig. 4. The distribution of species concentration in the microchannel with six blocks. (Note: all the species concentration distribution plots in this
paper are based on the colour bar in Fig. 3(a)).
(a) Mixing efficiency for channels with one, two, four and six
rectangular blocks.
(b) Species concentration profiles at the inlet and outlet for mixing
channels with one, two, four and six rectangular blocks.
Fig. 5. The effect of block numbers.
3.1. Effect of the number of blocks
In this case, one, two, four and six blocks are located along the microchannel (Fig. 4 shows the six blocks case).
Fig. 5 illustrates that the mixing efficiency improves as the number of blocks increases, which is due to the fact that
more blocks tend to enlarge the interface area between the two sample streams, thus increasing the duration over
which the species can mix by diffusion. The mixing efficiency is defined [4] as
σ(xˆ) =
1−
∫ 1
0
∣∣∣Cˆ − Cˆ∞∣∣∣∫ 1
0
∣∣∣Cˆ0 − Cˆ∞∣∣∣
× 100%, (27)
where Cˆ is the nondimensional species concentration profile across the width of the mixing channel, Cˆ0 and Cˆ∞ are
the species concentration which are unmixed (0 or 1) and completely mixed state (0.5), respectively.
3.2. Effect of the height of blocks
Increasing the height of the blocks will increase the path of the mixing interface along the microchannel and hence
improves the mixing. With four blocks in the microchannel and increasing their height, the streamlines are clearly seen
to stretch, which enhances the mixing (See Fig. 6). Further increasing the height of the blocks until they exceed the
half-width of the channel, the mixing efficiency, as expected, grows to more than 60%. As the nondimensional block
height goes above 0.833 the constriction is limited by the microchannel width and the electrolyte flow downstream of
each block is relatively unchanged. This implies that the mixing interface cannot be stretched further and there is no
further gain in efficiency.
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(a) Mixing efficiency for mixing channels with different height of
blocks.
(b) Species concentration profiles at the inlet and outlet for mixing
channels with different height of blocks.
Fig. 6. The effect of different block heights.
(a) Mixing efficiency for mixing channels with different
displacement of blocks.
(b) Species concentration profiles at the inlet and outlet for mixing
channels with different displacement of blocks.
Fig. 7. The effect of different block displacements.
3.3. Effect of the displacement of blocks
With a fixed block size and number, the displacement of blocks is also investigated and is seen to have an impact
on the mixing efficiency. The trend of this effect can be seen in Fig. 7 and it is clear that the closer the blocks are
placed together the greater the effect of block displacement on the mixing efficiency. Fig. 7 also shows that the mixing
efficiency continues to increase slightly toward the outlet of the microchannel, this is due to continued diffusion of the
concentrate.
3.4. Sensitivity analysis
Three geometric configurations of blocks, namely, the number, height and displacement of blocks, have been
analysed and their mixing performance has been quantified. It is possible to present the sensitivity of mixing efficiency
to these three geometrical factors, and Fig. 8 demonstrates how the mixing efficiency varies accordingly. It can be seen
in Fig. 8 that as two of the three factors are fixed, the change in block height has the biggest impact on the mixing
efficiency while the displacement is the weakest.
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(a) Factor 1: number sensitivity. (b) Factor 2: height sensitivity
(c) Factor 3: displacement sensitivity.
Fig. 8. Overall effect of block numbers, heights and displacements on the microchannels mixing efficiency.
The mixing could be further enhanced by folding the interface between the two concentrates using the process of
active mixing, for example, by applying an alternating electric field. However, this would require coupling the lattice
Boltzmann method, via the fluid velocity field, to the time-dependent advection–diffusion equation. This would be
possible if the time-dependent advection–diffusion equation could be simulated by an additional lattice Boltzmann
equation. Currently the single relaxation time LBM has difficulty in solving high Peclet number problems which
needs to be overcome before it can be applied to actively mixed flows.
4. Conclusions
The mixing of two species flows, driven by electrokinetics, in a two-dimensional microchannel with patterned
blocks is investigated to quantify the mixing efficiency of the concentrates. The simulations are achieved by
combining a lattice Boltzmann method with external forcing with a standard finite-volume discretization of a species
concentration equation. The effects of block height, inter-displacement and frequency are analysed in the context
of which geometric modification offers the greatest mixing enhancement. The results of the two-dimensional study
indicates that increasing the block height to more than 50% of the channel width has the greatest impact on mixing
efficiency over the same mixing channel length.
It is recognized that to inform the engineering design process of micromixers, both three-dimensional and transient
effects need to be considered in the modelling process. In order to achieve this, the sequential solution procedure
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developed in this paper would need to couple the hydrodynamic and advection–diffusion equation, which could be
achieved via a coupled lattice Boltzmann approach. However, the simulation of high Peclet number flows via the
lattice Boltzmann method are challenging.
Simulation Parameters
Symbol Value Symbol Value
W 1200 µm T 293 K
L 60 µm K 62
ζ −75 mv Ex 5× 104 V/m
µ 0.9× 10−3 N s/m2 φin 30 V
ρ 1.01× 103 kg/m3 φout −30 V
r 80 VEOD 0.00295m/s
0 8.854× 10−12 C/(V m) Di 10−10 m2/s
z 1 Re 0.2
e 1.602× 10−19 C Pe 1770
kB 1.38× 10−23 J/K
References
[1] R.-J. Yang, L.-M. Fu, Y.-C. Lin, Electroosmotic flow in microchannels, J. Colloid Interface Sci. 239 (2001) 98–105.
[2] H.A. Stone, A.D. Stroock, A. Ajdari, Engineering flows in small devices: Microfluidics toward a lab-on-a-chip, Annu. Rev. Fluid Mech. 36
(2004) 381–411; 923–935.
[3] J.M. Ottino, S. Wiggins, Introduction: Mixing in microfluidics, Philos. Trans. R. Soc. Lond. A 362 (2004) 923–935.
[4] C.-C. Chang, R.-J. Yang, Computational analysis of electrokinetically driven flow mixing in microchannels with patterned blocks, J.
Micromech. Microeng. 14 (2004) 550–558.
[5] K. Fushinobu, M. Nakata, An experimental and numerical study of a liquid mixing device for microsystems, J. Electronic Packaging 127
(2005) 141–146.
[6] H.S. Heo, Y.K. Suh, Enhancement of stirring in a straight channel at low Reynolds-numbers with various block-arrangement, J. Mech. Sci.
Technol. 19 (1) (2005) 199–208.
[7] X. He, N. Li, Lattice Boltzmann simulation of electrochemical systems, Comput. Phys. Comm. 129 (2000) 158–166.
[8] X. He, X. Shan, G.D. Doolen, A discrete Boltzmann equation model for non-ideal gases, Phys. Rev. E 57 (1998) R13–R16.
[9] S. Melchionna, S. Succi, Electrorheology in nanopores via lattice Boltzmann simulation, J. Chem. Phys. 120 (9) (2004) 4492–4497.
[10] D. Hlushkou, D. Kandhai, U. Tallarek, Coupled lattice-Boltzmann and finite-difference simulation of electroosmosis in microfluidic channels,
Internat. J. Numer. Methods Fluids 46 (2004) 507–532.
[11] Z. Guo, T.S. Zhao, Y. Shi, A lattice Boltzmann algorithm for electro-osmotic flows in microfluidic devices, J. Chem. Phys. 122 (2005) 144907.
[12] N.A. Patankar, H.H. Hu, Numerical simulation of electroosmotic flow, Anal. Chem. 70 (1998) 1870–1881.
[13] Z. Guo, C. Zheng, B.C. Shi, Discrete lattice effects on the forcing term in the lattice Boltzmann method, Phys. Rev. E 65 (2002) 046308.
[14] S. Succi, The Lattice Boltzmann Equation: For Fluid Dynamics and Beyond, Clarendon Press, 2001.
[15] Z. Guo, C. Zheng, B.C. Shi, Non-equilibrium extrapolation method for velocity and pressure boundary conditions in the lattice Boltzmann
method, Chinese Phys. 11 (4) (2002) 366–374.
[16] Q. Zou, X. He, On pressure and velocity boundary conditions for the lattice Boltzmann BGK model, Phys. Fluids 9 (6) (1997) 1591–1598.
[17] S. Patankar, Numerical Heat Transfer and Fluid Flow, Hemisphere, Washington, D.C., 1980.
